
2024

ÏÐÈÊËÀÄÍÀß ÄÈÑÊÐÅÒÍÀß ÌÀÒÅÌÀÒÈÊÀ

Òåîðåòè÷åñêèå îñíîâû ïðèêëàäíîé äèñêðåòíîé ìàòåìàòèêè � 63

ÒÅÎÐÅÒÈ×ÅÑÊÈÅ ÎÑÍÎÂÛ
ÏÐÈÊËÀÄÍÎÉ ÄÈÑÊÐÅÒÍÎÉ ÌÀÒÅÌÀÒÈÊÈ

ÓÄÊ 519.7 DOI 10.17223/20710410/63/1

ÊÎÍÑÒÐÓÊÖÈß ÓÐÀÂÍÎÂÅØÅÍÍÛÕ ÔÓÍÊÖÈÉ
Ñ ÂÛÑÎÊÎÉ ÍÅËÈÍÅÉÍÎÑÒÜÞ

È ÄÐÓÃÈÌÈ ÊÐÈÏÒÎÃÐÀÔÈ×ÅÑÊÈÌÈ ÑÂÎÉÑÒÂÀÌÈ1

À.Ñ. Øàïîðåíêî

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Íîâîñèáèðñê, Ðîññèÿ

E-mail: shaporenko.alexandr@gmail.com

Ïðåäëàãàåòñÿ íîâàÿ èòåðàòèâíàÿ êîíñòðóêöèÿ, êîòîðóþ ìîæíî ïðèìåíèòü äëÿ
ïîñòðîåíèÿ óðàâíîâåøåííûõ ôóíêöèé ñ âûñîêîé íåëèíåéíîñòüþ. Ïîêàçàíî, êàê
äàííàÿ êîíñòðóêöèÿ ìîæåò áûòü èñïîëüçîâàíà äëÿ ïîñòðîåíèÿ óðàâíîâåøåííûõ
ôóíêöèé îò ÷¼òíîãî ÷èñëà n ⩾ 18 ïåðåìåííûõ áåç ëèíåéíûõ ñòðóêòóð ñ íåëè-
íåéíîñòüþ 2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7). Ïðèâåäåíû äîïîëíèòåëüíûå
óñëîâèÿ, ïðè êîòîðûõ ôóíêöèè, ïîëó÷åííûå ñ ïîìîùüþ èòåðàòèâíîé êîíñòðóê-
öèè, áóäóò êîððåëÿöèîííî-èììóííûìè. Ïîëó÷åíû ðåçóëüòàòû, ñâÿçàííûå ñ ïðî-
áëåìîé ðàçëîæåíèÿ áóëåâûõ ôóíêöèé â ñóììó äâóõ áåíò-ôóíêöèé.

Êëþ÷åâûå ñëîâà: óðàâíîâåøåííûå áóëåâû ôóíêöèè, íåëèíåéíûå áóëåâû ôóíê-

öèè, áåíò-ôóíêöèè.

CONSTRUCTION OF BALANCED FUNCTIONS WITH HIGH
NONLINEARITY AND OTHER CRYPTOGRAPHIC PROPERTIES

A. S. Shaporenko

Novosibirsk State University, Novosibirsk, Russia

We present an iterative construction that can be used to construct balanced functions
with high nonlinearity. Using this construction, we obtained Boolean functions in an
even number n ⩾ 18 of variables which have no linear structures with nonlinearity
2n−1−(2n/2−1+2n/2−3+2n/2−5+2n/2−7). Additional conditions are given under which
the functions obtained using the construction will be correlation immune. We also
present results concerning “bent sum decomposition problem”.

Keywords: balanced Boolean functions, nonlinear Boolean functions, bent functions.

Ââåäåíèå
Íåëèíåéíîñòü ÿâëÿåòñÿ âàæíûì êðèïòîãðàôè÷åñêèì ñâîéñòâîì áóëåâûõ ôóíêöèé.

Øèôðû, êîòîðûå èñïîëüçóþò ôóíêöèè ñ âûñîêîé íåëèíåéíîñòüþ â êà÷åñòâå ñâîèõ

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìàòåìàòè÷åñêîãî öåíòðà â Àêàäåìãîðîäêå, ñîãëàøåíèå ñ Ìè-
íèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè �075-15-2022-282.
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êîìïîíåíò, ÿâëÿþòñÿ áîëåå ñòîéêèìè ê ëèíåéíîìó êðèïòîàíàëèçó [1], òàê êàê èõ òÿ-
æåëåå âñåãî ïðèáëèçèòü àôôèííûìè ôóíêöèÿìè. Áóëåâû ôóíêöèè îò ÷¼òíîãî ÷èñëà
ïåðåìåííûõ íàçûâàþòñÿ áåíò-ôóíêöèÿìè, åñëè îíè èìåþò íàèáîëüøåå çíà÷åíèå íåëè-
íåéíîñòè [2]. Áåíò-ôóíêöèè èñïîëüçîâàëèñü â ïîñòðîåíèè áëî÷íîãî øèôðà CAST [3],
ïîòî÷íîãî øèôðà Grain [4] è õýø-ôóíêöèè HAVAL [5]. Áåíò-ôóíêöèè òàêæå ñâÿçàíû
ñ íåêîòîðûìè îáúåêòàìè òåîðèè êîäèðîâàíèÿ, àëãåáðû è êîìáèíàòîðèêè [6, 7].

Èçâåñòíî, ÷òî áåíò-ôóíêöèè íå îáëàäàþò äðóãèì âàæíûì êðèïòîãðàôè÷åñêèì
ñâîéñòâîì� îíè íå óðàâíîâåøåíû. Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ óðàâíîâå-
øåííûõ ôóíêöèé ñ âûñîêîé íåëèíåéíîñòüþ. Ìû ïðèâîäèì èòåðàòèâíûé ñïîñîá ïî-
ñòðîåíèÿ óðàâíîâåøåííûõ áóëåâûõ ôóíêöèé, êîòîðûå ïðè äîïîëíèòåëüíûõ óñëîâèÿõ
ìîãóò îáëàäàòü òàêèìè êðèïòîãðàôè÷åñêèìè ñâîéñòâàìè, êàê âûñîêàÿ íåëèíåéíîñòü,
îòñóòñòâèå ëèíåéíûõ ñòðóêòóð è êîððåëÿöèîííàÿ èììóííîñòü.

Ñòðóêòóðà ðàáîòû ñëåäóþùàÿ: â ï. 1 ïðèâåäåíû îñíîâíûå îïðåäåëåíèÿ è âñïîìî-
ãàòåëüíûå ôàêòû, êîòîðûå èñïîëüçóþòñÿ ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ.
Ïóíêò 2 ïîñâÿù¼í èòåðàòèâíîé êîíñòðóêöèè áóëåâûõ ôóíêöèé, ïðîèçâîäíàÿ êîòî-
ðûõ ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ áû îäíó ëèíåéíóþ ïåðåìåí-
íóþ. Â ï. 3 ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé� êîíñòðóêöèè ôóíêöèé, êîòîðûå èìå-
þò àôôèííûå ïðîèçâîäíûå. Ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ôóíê-
öèè, ïîëó÷åííûå ñ ïîìîùüþ èòåðàòèâíîé êîíñòðóêöèè, îáëàäàþò òàêèìè êðèïòî-
ãðàôè÷åñêèìè ñâîéñòâàìè, êàê óðàâíîâåøåííîñòü, îòñóòñòâèå ëèíåéíûõ ñòðóêòóð è
êîððåëÿöèîííàÿ èììóííîñòü. Â ï. 4 îïèñàí ñïîñîá ïîëó÷åíèÿ óðàâíîâåøåííûõ ôóíê-
öèé îò ÷¼òíîãî ÷èñëà n ⩾ 18 ïåðåìåííûõ áåç ëèíåéíûõ ñòðóêòóð ñ íåëèíåéíîñòüþ
2n−1− (2n/2−1+2n/2−3+2n/2−5+2n/2−7). Â ï. 5 ïðèâåäåíû ðåçóëüòàòû, ñâÿçàííûå ñ ïðî-
áëåìîé ðàçëîæåíèÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè â ñóììó äâóõ áåíò-ôóíêöèé.

1. Îïðåäåëåíèÿ è íåîáõîäèìûå óòâåðæäåíèÿ
1.1. Á ó ë å â û ô ó í ê ö è è

Ïóñòü Z2 = {0, 1}. Âåêòîðíîå ïðîñòðàíñòâî äâîè÷íûõ âåêòîðîâ äëèíû n îáîçíà÷à-
åòñÿ Zn

2 . Ïóñòü ⊕ îáîçíà÷àåò ñëîæåíèå ïî ìîäóëþ 2. Äëÿ x, y ∈ Zn
2 áóäåì èñïîëüçîâàòü

ñëåäóþùåå ïðîèçâåäåíèå:
⟨x, y⟩ = x1y1 ⊕ · · · ⊕ xnyn,

ãäå xi � i-ÿ êîîðäèíàòà x, i = 1, . . . , n.
Ôóíêöèÿ f : Zn

2 → Z2 íàçûâàåòñÿ áóëåâîé ôóíêöèåé îò n ïåðåìåííûõ. Ìíîæåñòâî
âñåõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ îáîçíà÷èì Fn. Ñ êàæäîé áóëåâîé ôóíêöèåé f
îò n ïåðåìåííûõ ìîæíî ñâÿçàòü å¼ íîñèòåëü:

supp(f) = {x ∈ Zn
2 : f(x) = 1}.

Âåñîì Õýììèíãà wt(f) ôóíêöèè f ∈ Fn íàçûâàåòñÿ êîëè÷åñòâî íåíóëåâûõ çíà-
÷åíèé f : |{x ∈ Zn

2 : f(x) = 1}|. Ôóíêöèÿ f ∈ Fn íàçûâàåòñÿ óðàâíîâåøåííîé, åñëè
wt(f) = 2n−1.

Ðàññòîÿíèå Õýììèíãà d(f, g) ìåæäó äâóìÿ áóëåâûìè ôóíêöèÿìè f, g ∈ Fn âû÷èñ-
ëÿåòñÿ ñëåäóþùèì îáðàçîì:

d(f, g) = |{x ∈ Zn
2 : f(x) ̸= g(x)}|.



10 À. Ñ. Øàïîðåíêî

Êàæäóþ áóëåâó ôóíêöèþ f îò n ïåðåìåííûõ ìîæíî åäèíñòâåííûì îáðàçîì ïðåä-
ñòàâèòü â âèäå àëãåáðàè÷åñêîé íîðìàëüíîé ôîðìû (ÀÍÔ), èëè ïîëèíîìà Æåãàëêèíà:

f(x1, . . . , xn) =

(
n⊕

k=1

⊕
i1,...,ik

ai1,...,ikxi1 · . . . · xik

)
⊕ a0,

ãäå ïðè êàæäîì k èíäåêñû i1, . . . , ik ðàçëè÷íû è â ñîâîêóïíîñòè ïðîáåãàþò âñå k-ýëå-
ìåíòíûå ïîäìíîæåñòâà {1, . . . , n}, à êîýôôèöèåíòû ai1,...,ik , a0 ïðèíèìàþò çíà÷åíèÿ 0
èëè 1.

Àëãåáðàè÷åñêîé ñòåïåíüþ (ñòåïåíüþ) deg(f) ôóíêöèè f íàçûâàåòñÿ êîëè÷åñòâî
ïåðåìåííûõ â ñàìîì äëèííîì ñëàãàåìîì å¼ ÀÍÔ, ïðè êîòîðîì êîýôôèöèåíò íå ðàâåí
íóëþ. Ôóíêöèÿ ñòåïåíè íå âûøå 1 íàçûâàåòñÿ àôôèííîé. Àôôèííóþ ôóíêöèþ îò n ïå-
ðåìåííûõ ìîæíî ïðåäñòàâèòü â âèäå ℓ = ⟨x, a⟩ ⊕ b, ãäå a ∈ Zn

2 è b ∈ Z2. Ìíîæåñòâî
âñåõ àôôèííûõ ôóíêöèé îò n ïåðåìåííûõ îáîçíà÷èì An.

Áóëåâû ôóíêöèè f, g ∈ Fn àôôèííî ýêâèâàëåíòíû, åñëè ñóùåñòâóþò íåâûðîæ-
äåííàÿ êâàäðàòíàÿ äâîè÷íàÿ ìàòðèöà A ïîðÿäêà n × n è âåêòîð b ∈ Zn

2 , òàêèå, ÷òî
g(x) = f(Ax⊕ b).

Ïðîèçâîäíîé áóëåâîé ôóíêöèè f ∈ Fn íàçûâàåòñÿ ôóíêöèÿDyf(x) = f(x)⊕f(x⊕y),
ãäå âåêòîð y ∈ Zn

2 ÿâëÿåòñÿ íàïðàâëåíèåì, ïî êîòîðîìó áåð¼òñÿ ïðîèçâîäíàÿ. Ëåãêî
óáåäèòüñÿ, ÷òî Dy

(
f ⊕ g

)
= Dyf ⊕Dyg.

Ñëåäóþùèé ôàêò ïðåäñòàâëåí â [8] áåç äîêàçàòåëüñòâà. Äëÿ ïîëíîòû ïðèâåä¼ì åãî
ñ äîêàçàòåëüñòâîì.

Ëåììà 1 (Í.Í. Òîêàðåâà [8]). Áóëåâà ôóíêöèÿ f ∈ Fn ÿâëÿåòñÿ ïðîèçâîäíîé
íåêîòîðîé áóëåâîé ôóíêöèè g ∈ Fn ïî íåíóëåâîìó íàïðàâëåíèþ y ∈ Zn

2 òîãäà è òîëüêî
òîãäà, êîãäà f(x)⊕ f(x⊕ y) = 0 äëÿ âñåõ x ∈ Zn

2 .

Äîêàçàòåëüñòâî.

Í å î á õ î ä è ì î ñ ò ü. Ïóñòü Dyg(x) = f(x). Ìîæíî çàìåòèòü, ÷òî Dyg(x) = g(x)⊕
⊕ g(x⊕ y) = Dyg(x⊕ y) äëÿ âñåõ x ∈ Zn

2 . Çíà÷èò, f(x) = f(x⊕ y) äëÿ âñåõ x ∈ Zn
2 .

Ä î ñ ò à ò î ÷ í î ñ ò ü. Ïóñòü i�ïåðâàÿ íåíóëåâàÿ êîîðäèíàòà y è g(x) = xif(x) äëÿ
âñåõ x ∈ Zn

2 . Òîãäà

Dyg(x) = xif(x)⊕ (xi ⊕ 1)f(x⊕ y) = f(x) äëÿ âñåõ x ∈ Zn
2 .

Ñëåäîâàòåëüíî, f �ïðîèçâîäíàÿ g ïî íàïðàâëåíèþ y.

Äëÿ êàæäîãî y ∈ Zn
2 êîýôôèöèåíòîì Óîëøà�Àäàìàðà Wf (y) áóëåâîé ôóíêöèè

f ∈ Fn íàçûâàåòñÿ âåëè÷èíà, îïðåäåëÿåìàÿ ðàâåíñòâîì

Wf (y) =
∑

x∈Zn
2

(−1)f(x)⊕⟨x,y⟩.

Íàì òàêæå ïîíàäîáÿòñÿ ñëåäóþùèå õîðîøî èçâåñòíûå ôàêòû:

Ëåììà 2. Áóëåâà ôóíêöèÿ f ∈ Fn ÿâëÿåòñÿ óðàâíîâåøåííîé òîãäà è òîëüêî òî-
ãäà, êîãäà Wf (0) = 0.

Ëåììà 3. Ïóñòü f ∈ Fn, ℓ ∈ An è ℓ(x) = ⟨a, x⟩ ⊕ b, ãäå a ∈ Zn
2 , b ∈ Z2. Òîãäà äëÿ

ëþáîãî c ∈ Zn
2 ñïðàâåäëèâî Wf⊕ℓ(c) = (−1)bWf (a⊕ c).
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1.2. Á å í ò - ô ó í ê ö è è

Íåëèíåéíîñòüþ Nf áóëåâîé ôóíêöèè f ∈ Fn íàçûâàåòñÿ ðàññòîÿíèå Õýììèíãà îò
äàííîé ôóíêöèè äî ìíîæåñòâà âñåõ àôôèííûõ ôóíêöèé:

Nf = d(f,An) = min
a∈Zn

2 ,b∈Z2

d(f, ℓa,b),

ãäå ℓa,b(x) = ⟨a, x⟩ ⊕ b.

Ëåììà 4 (Î. Ðîòõàóñ [2]). Ïóñòü f ∈ Fn. Òîãäà

Nf = 2n−1 − 1

2
max
a∈Zn

2

|Wf (a)|.

Áóëåâà ôóíêöèÿ îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ n íàçûâàåòñÿ áåíò-ôóíêöèåé, åñëè
å¼ íåëèíåéíîñòü äîñòèãàåò íàèáîëüøåãî âîçìîæíîãî çíà÷åíèÿ 2n−1−2n/2−1. Îáîçíà÷èì
÷åðåç Bn ìíîæåñòâî âñåõ áåíò-ôóíêöèé îò n ïåðåìåííûõ.

Áåíò-ôóíêöèè áûëè îïðåäåëåíû Î. Ðîòõàóñîì â 60-x ãîäàõ ïðîøëîãî âåêà, õîòÿ
åãî ðàáîòà [2] áûëà îïóáëèêîâàíà òîëüêî â 1976 ã. Îäíàêî èçâåñòíî, ÷òî ñ êîíöà 1950-õ
ãîäîâ â Ñîâåòñêîì Ñîþçå èññëåäîâàëèñü áóëåâû ôóíêöèè ñ àíàëîãè÷íûìè ñâîéñòâàìè,
êîòîðûå íàçûâàëè ¾ìèíèìàëüíûìè ôóíêöèÿìè¿. Â 1961 ã. ìàòåìàòèêè Â.À. Åëèñååâ è
Î.Ï. Ñòåï÷åíêîâ îïèñàëè êëàññ ôóíêöèé, êîòîðûé ÿâëÿåòñÿ àíàëîãîì êëàññà Ìýéîðà-
íà �ÌàêÔàðëàíäà, ïðåäñòàâëåííîãî â 1973 ã. Áåíò-ôóíêöèè òàêæå ñâÿçàíû ñ äðóãèìè
ìàòåìàòè÷åñêèìè îáúåêòàìè. Òàê, íàïðèìåð, Ð.Ë. ÌàêÔàðëàíä [9] è Äæ. Äèëëîí [10]
èññëåäîâàëè áåíò-ôóíêöèè â òåðìèíàõ ðàçíîñòíûõ ìíîæåñòâ.

Íàì ïîíàäîáÿòñÿ ñëåäóþùèå õîðîøî èçâåñòíûå ôàêòû:

Ëåììà 5. Ïóñòü f ∈ Bn è n ⩾ 4. Òîãäà deg(f) ⩽ n/2.

Ëåììà 6. Ïóñòü f ∈ Bn. Òîãäà wt(f) = 2n−1±2n/2−1.

Ñëåäîâàòåëüíî, áåíò-ôóíêöèè íèêîãäà íå ÿâëÿþòñÿ óðàâíîâåøåííûìè.

Ëåììà 7 (Î. Ðîòõàóñ [2]). Áóëåâà ôóíêöèÿ f ∈ Fn ÿâëÿåòñÿ áåíò-ôóíêöèåé òî-
ãäà è òîëüêî òîãäà, êîãäà Wf (y) = ±2n/2 äëÿ ëþáîãî y ∈ Zn

2 .

Ëåììà 8 (Î. Ðîòõàóñ [2]). Ïóñòü f ∈ Bn. Òîãäà:
1) ëþáàÿ áóëåâà ôóíêöèÿ, àôôèííî ýêâèâàëåíòíàÿ f , ÿâëÿåòñÿ áåíò-ôóíêöèåé;
2) ôóíêöèÿ f ⊕ ℓ ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n ïåðåìåííûõ äëÿ ëþáîé àôôèííîé

ôóíêöèè ℓ.

Äëÿ áåíò-ôóíêöèè f îò n ïåðåìåííûõ äóàëüíàÿ ôóíêöèÿ f̃ îïðåäåëÿåòñÿ ñ ïîìîùüþ
ðàâåíñòâ Wf (y) = 2n/2(−1)f̃(y) äëÿ âñåõ y ∈ Zn

2 . Îòìåòèì, ÷òî f̃ òàêæå ÿâëÿåòñÿ áåíò-
ôóíêöèåé [7].

Ëåììà 9 (Î. Ðîòõàóñ [2]). Áóëåâà ôóíêöèÿ f ∈ Fn ÿâëÿåòñÿ áåíò-ôóíêöèåé òî-
ãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî íåíóëåâîãî íàïðàâëåíèÿ y å¼ ïðîèçâîäíàÿ
Dyf(x) = f(x)⊕ f(x⊕ y) ÿâëÿåòñÿ óðàâíîâåøåííîé.

Ïðèâåä¼ì îäèí èç ñàìûõ èçâåñòíûõ êëàññîâ áåíò-ôóíêöèé� êëàññ Ìýéîðà-
íà �ÌàêÔàðëàíäà, êîòîðûé áûë âïåðâûå îïðåäåë¼í â [10] è îñíîâàí íà ðàáîòàõ
Äæ.À. Ìàéîðàíà è Ð.Ë. ÌàêÔàðëàíäà 1971�1973 ãã.

Ëåììà 10 (Äæ. Äèëëîí [10]). Ïóñòü x, y ∈ Zn
2 , π� âçàèìíî îäíîçíà÷íîå îòîáðà-

æåíèå íà Zn
2 , g ∈ Fn �ïðîèçâîëüíàÿ ôóíêöèÿ. Òîãäà ôóíêöèÿ

f(x, y) = ⟨π(x), y⟩ ⊕ g(x)

� áåíò-ôóíêöèÿ îò 2n ïåðåìåííûõ.
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1.3. Ë è í å é í û å ñ ò ð ó ê ò ó ð û è ê î ð ð å ë ÿ ö è î í í à ÿ è ì ì ó í í î ñ ò ü

Ïåðåìåííàÿ áóëåâîé ôóíêöèè íàçûâàåòñÿ ëèíåéíîé, åñëè îíà âõîäèò â ÀÍÔ ôóíê-
öèè ëèíåéíî. Åñëè ïåðåìåííàÿ íå âõîäèò â ÀÍÔ áóëåâîé ôóíêöèè, òî ýòà ïåðåìåííàÿ
íàçûâàåòñÿ ôèêòèâíîé. Áóëåâà ôóíêöèÿ f èìååò ëèíåéíóþ ñòðóêòóðó, åñëè ñóùå-
ñòâóåò íåíóëåâîå íàïðàâëåíèå y ∈ Zn

2 , òàêîå, ÷òî Dyf(x) ≡ const. Ñëåäóþùèé ôàêò
ïîêàçûâàåò, ÷òî ôóíêöèè, êîòîðûå èìåþò ëèíåéíûå ñòðóêòóðû, ýêâèâàëåíòíû ôóíê-
öèÿì ñ ïðîñòûì ñòðîåíèåì.

Ëåììà 11 (Î.À. Ëîãà÷åâ è äð. [11]). Ïóñòü f ∈ Fn èìååò ëèíåéíóþ ñòðóêòóðó.
Òîãäà ñóùåñòâóåò ôóíêöèÿ g ∈ Fn, êîòîðàÿ àôôèííî ýêâèâàëåíòíà f è èìååò ëèíåé-
íóþ èëè ôèêòèâíóþ ïåðåìåííóþ.

Áóëåâà ôóíêöèÿ f ∈ Fn íàçûâàåòñÿ êîððåëÿöèîííî-èììóííîé ïîðÿäêà r, 1 ⩽ r ⩽ n,
åñëè äëÿ ëþáîé å¼ ïîäôóíêöèè g = fa1,...,ar

i1,...,ir
, ïîëó÷åííîé èç f ïîäñòàíîâêîé êîíñòàíò

a1, . . . , ar âìåñòî ïåðåìåííûõ xi1 , . . . , xir , âûïîëíÿåòñÿ wt(g) = wt(f)/2r. Òðåáîâàíèå
êîððåëÿöèîííîé èììóííîñòè ôóíêöèè ñâÿçàíî ñ ïðîòèâîñòîÿíèåì êîððåëÿöèîííîé
àòàêå [12].

Ëåììà 12 (Ò. Çèãåíòàëåð [12]). Ôóíêöèÿ f ∈ Fn ÿâëÿåòñÿ êîððåëÿöèîííî-èì-
ìóííîé ïîðÿäêà r, åñëè è òîëüêî åñëè Wf (a) = 0 äëÿ âñåõ âåêòîðîâ a ∈ Zn

2 , òàêèõ,
÷òî 1 ⩽ wt(a) ⩽ r.

1.4. Ó ð à â í î â å ø å í í û å ô ó í ê ö è è ñ â û ñ î ê î é í å ë è í å é í î ñ ò ü þ

Êàê óæå îòìå÷àëîñü, áåíò-ôóíêöèè íå ÿâëÿþòñÿ óðàâíîâåøåííûìè, ÷òî âûçûâàåò
ñòàòèñòè÷åñêóþ êîððåëÿöèþ ìåæäó îòêðûòûì è çàøèôðîâàííûì òåêñòàìè.

Ìàêñèìàëüíàÿ íåëèíåéíîñòü óðàâíîâåøåííûõ ôóíêöèé íåèçâåñòíà äëÿ n > 7. Â ðà-
áîòå [13] ïðèâåäåíà ñëåäóþùàÿ âåðõíÿÿ îöåíêà íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíê-
öèé îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ.

Óòâåðæäåíèå 1 (Äæ. Ñåáåððè è äð. [13]). Ïóñòü n ⩾ 4�÷¼òíîå ÷èñëî è f �
óðàâíîâåøåííàÿ áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ. Òîãäà Nf ⩽ 2n−1 − 2n/2−1 − 2.

Îäíèì èç ñïîñîáîâ ïîñòðîåíèÿ óðàâíîâåøåííûõ ôóíêöèé ñ âûñîêîé íåëèíåéíîñòüþ
ÿâëÿåòñÿ ïðåîáðàçîâàíèå áåíò-ôóíêöèé ñ öåëüþ ïîëó÷åíèÿ óðàâíîâåøåííûõ áóëåâûõ
ôóíêöèé, êîòîðûå ñîõðàíÿþò âûñîêèå çíà÷åíèÿ íåëèíåéíîñòè [14, 15]. Óðàâíîâåøåí-
íûì ôóíêöèÿì ñ âûñîêîé íåëèíåéíîñòüþ ïîñâÿùåíû òàêæå ðàáîòû [13, 16�18].

2. Êîíñòðóêöèÿ áóëåâûõ ôóíêöèé, ïðîèçâîäíûå êîòîðûõ èìåþò
ëèíåéíóþ ïåðåìåííóþ

Îïèøåì êîíñòðóêöèþ áóëåâûõ ôóíêöèé, ïðîèçâîäíàÿ êîòîðûõ ïî íåêîòîðîìó
íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ áû îäíó ëèíåéíóþ ïåðåìåííóþ. Äàííàÿ êîí-
ñòðóêöèÿ èìååò óïðàâëÿåìóþ ïðîèçâîäíóþ è ïîçâîëÿåò ñòðîèòü âñå áóëåâû ôóíêöèè,
èìåþùèå â êà÷åñòâå ñâîåé ïðîèçâîäíîé ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ ôóíê-
öèþ õîòÿ áû ñ îäíîé ëèíåéíîé ïåðåìåííîé. Äëÿ n = 4 è 6 ïîêàæåì, ÷òî ìíîæåñòâî
ôóíêöèé, êîòîðûå ìîæíî ïîñòðîèòü ñ ïîìîùüþ äàííîé êîíñòðóêöèè, ñîäåðæèò óðàâ-
íîâåøåííûå ôóíêöèè ñ âûñîêîé íåëèíåéíîñòüþ.

Òåîðåìà 1. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, g1, g2, h1 ∈ Fn, (y, 1, yn+2) ∈ Zn+2
2 è

h(x, xn+1, xn+2) = (Dyh1(x)⊕yn+2)xn+1⊕h1(x)⊕xn+2. Òîãäà ôóíêöèÿ f ∈ Fn+2, ïîñòðî-
åííàÿ ñëåäóþùèì îáðàçîì:

f(x, xn+1, xn+2) =
(
(Dyg1(x)⊕ 1)h(x, xn+1, xn+2)⊕Dyg2(x)

)
xn+1⊕

⊕g1(x)h(x, xn+1, xn+2)⊕ g2(x),
(1)
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èìååò h ñâîåé ïðîèçâîäíîé ïî íàïðàâëåíèþ (y, 1, yn+2). Ïðè ýòîì äëÿ âåêòîðà
(a, an+1, an+2) ∈ Zn+2

2 è c = ⟨a, y⟩ ⊕ an+1 ⊕ an+2yn+2 ñïðàâåäëèâî

Wf (a, an+1, an+2) = (−1)c·an+2 · 2 ·Wcg1(x)⊕g2(x)⊕an+2h1(x)(a).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî D(y,1,yn+2)h(x, xn+1, xn+2) = 0 äëÿ ëþáîãî
(x, xn+1, xn+2) ∈ Zn+2

2 . Èç ëåììû 1 ñëåäóåò, ÷òî h ÿâëÿåòñÿ ïðîèçâîäíîé áóëåâîé ôóíê-
öèè ïî íàïðàâëåíèþ (y, 1, yn+2). Äëÿ ëþáîé ôóíêöèè f ∈ Fn+2, êîòîðàÿ èìååò h ñâîåé
ïðîèçâîäíîé ïî íàïðàâëåíèþ (y, 1, yn+2), ñïðàâåäëèâî

f(x, xn+1, xn+2)⊕ f(x⊕ y, xn+1 ⊕ 1, xn+2 ⊕ yn+2) = h(x, xn+1, xn+2). (2)

Ïîñêîëüêó h(x, xn+1, xn+2) = h(x⊕ y, xn+1 ⊕ 1, xn+2 ⊕ yn+2), ïîëó÷àåì, ÷òî

h(x, xn+1, xn+2) = 1 ⇐⇒ h(x⊕ y, xn+1 ⊕ 1, xn+2 ⊕ yn+2) = 1. (3)

Åñëè h(x, xn+1, xn+2) = 1, òî, ïîñêîëüêó h çàâèñèò ëèíåéíî îò ïåðåìåííîé xn+2, èìååì
h(x, xn+1, xn+2 ⊕ 1) = 0. Òàêèì îáðàçîì, ñïðàâåäëèâî, ÷òî

{x : ∃xn+2 ∈ Z2 (h(x, 0, xn+2) = 1)} = {x : ∃xn+2 ∈ Z2 (h(x, 0, xn+2) = 0)} = Zn
2 . (4)

Èç (2)�(4) ñëåäóåò, ÷òî ëþáàÿ áóëåâà ôóíêöèÿ f îò (n + 2) ïåðåìåííûõ, äëÿ êîòîðîé
D(y,1,yn+2)f(x, xn+1, xn+2) = h(x, xn+1, xn+2), èìååò ñëåäóþùåå ïðåäñòàâëåíèå:

f(x, 0, xn+2) = f1(x), åñëè h(x, 0, xn+2) = 1,

f(x⊕ y, 1, xn+2 ⊕ yn+2) = f1(x)⊕ 1, åñëè h(x⊕ y, 1, xn+2 ⊕ yn+2) = 1,

f(x, 0, xn+2) = f2(x), åñëè h(x, 0, xn+2) = 0,

f(x⊕ y, 1, xn+2 ⊕ yn+2) = f2(x), åñëè h(x⊕ y, 1, xn+2 ⊕ yn+2) = 0,

(5)

ãäå f1 è f2 �ïðîèçâîëüíûå ôóíêöèè îò n ïåðåìåííûõ. Ñëåäîâàòåëüíî, ïåðåáèðàÿ âñå
âîçìîæíûå f1 è f2, ìû ïîëó÷èì âñå áóëåâû ôóíêöèè îò (n + 2) ïåðåìåííûõ, êîòîðûå
èìåþò h(x, xn+1, xn+2) ñâîèìè ïðîèçâîäíûìè ïî íàïðàâëåíèþ (y, 1, yn+2).

Ïîëîæèì, ÷òî g1 = f1 ⊕ f2 è g2 = f2. Òîãäà ôîðìóëà (1) äëÿ ôóíêöèè f ñëåäóåò èç
ïðåäñòàâëåíèÿ (5).

Îòìåòèì, ÷òî äëÿ (x, xn+1, xn+2) ∈ Zn+2
2 âûïîëíÿåòñÿ

xn+2 = h(x, xn+1, xn+2)⊕ (Dyh1(x)⊕ yn+2)xn+1 ⊕ h1(x). (6)

Òåïåðü ïðîâåðèì, ÷åìó ðàâíû êîýôôèöèåíòû Óîëøà�Àäàìàðà ôóíêöèè f äëÿ
êàæäîãî (a, an+1, an+2) ∈ Zn+2

2 . Çàìåòèì, ÷òî

⟨(x, xn+1, xn+2), (a, an+1, an+2)⟩ = ⟨a, x⟩ ⊕ an+1xn+1 ⊕ an+2xn+2.

Òîãäà èç (2) ñëåäóåò, ÷òî

Wf (a, an+1, an+2) =
∑

(x,xn+1,xn+2)∈Zn+2
2

(−1)f(x,xn+1,xn+2)⊕⟨(x,xn+1,xn+2),(a,an+1,an+2)⟩ =

=
∑

(x,0,xn+2)∈Zn+2
2

(
(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2+

+(−1)f(x⊕y,1,xn+2⊕yn+2)⊕⟨a,x⟩⊕an+2xn+2⊕⟨a,y⟩⊕an+1⊕an+2yn+2

)
=
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=
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=1

(
(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2+

+(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2⊕⟨a,y⟩⊕an+1⊕an+2yn+2⊕1
)
+

+
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=0

(
(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2+(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2⊕⟨a,y⟩⊕an+1⊕an+2yn+2

)
.

Äîïóñòèì, ÷òî ⟨a, y⟩ ⊕ an+1 ⊕ an+2yn+2 = 0. Òîãäà

Wf (a, an+1, an+2) = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=0

(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2 .

Èç (4) è (5) ñëåäóåò, ÷òî åñëè an+2 = 0, òî

Wf (a, an+1, 0) = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=0

(−1)f2(x)⊕⟨a,x⟩ = 2
∑

x∈Zn
2

(−1)f2(x)⊕⟨a,x⟩ = 2Wf2(a) = 2Wg2(a).

Åñëè an+2 = 1, òî èç (5) è (6) ñëåäóåò, ÷òî

Wf (a, an+1, 1) = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=0

(−1)f2(x)⊕⟨a,x⟩⊕xn+2 = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=0

(−1)f2(x)⊕⟨a,x⟩⊕h1(x).

Òîãäà, ñîãëàñíî (4), ñïðàâåäëèâî

Wf (a, an+1, 1) = 2
∑

x∈Zn
2

(−1)f2(x)⊕h1(x)⊕⟨a,x⟩ = 2Wf2⊕h1(a) = 2Wg2⊕h1(a).

Òåïåðü ïóñòü ⟨a, y⟩ ⊕ an+1 ⊕ an+2yn+2 = 1. Òîãäà

Wf (a, an+1, an+2) =
∑

(x,xn+1,xn+2)∈Zn+2
2

(−1)f(x,xn+1,xn+2)⊕⟨a,x⟩⊕an+1xn+1⊕an+2xn+2 =

= 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=1

(−1)f(x,0,xn+2)⊕⟨a,x⟩⊕an+2xn+2 .

Èç (4) è (5) ñëåäóåò, ÷òî åñëè an+2 = 0, òî

Wf (a, an+1, 0)= 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=1

(−1)f1(x)⊕⟨a,x⟩ =2
∑

x∈Zn
2

(−1)f1(x)⊕⟨a,x⟩ =2Wf1(a)= 2Wg1⊕g2(a).

Åñëè an+2 = 1, òî èç (5) è (6) ñëåäóåò, ÷òî

Wf (a, an+1, 1) = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=1

(−1)f1(x)⊕⟨a,x⟩⊕xn+2 = 2
∑

(x,0,xn+2)∈Zn+2
2

h(x,0,xn+2)=1

(−1)f1(x)⊕h1(x)⊕⟨a,x⟩⊕1.

Òîãäà, ñîãëàñíî (4), ñïðàâåäëèâî

Wf (a, an+1, 1) = 2
∑

x∈Zn
2

(−1)f1(x)⊕h1(x)⊕⟨a,x⟩⊕1 = −2Wf1⊕h1(a) = −2Wg1⊕g2⊕h1(a).

Òåîðåìà 1 äîêàçàíà.
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Îòìåòèì, ÷òî ïðîèçâîëüíàÿ ôóíêöèÿ h ∈ Fn+2, êîòîðàÿ èìååò õîòÿ áû îäíó ëèíåé-
íóþ ïåðåìåííóþ, ìîæåò áûòü ïðåäñòàâëåíà ñëåäóþùèì îáðàçîì: h(x, xn+1, xn+2) =
= h2(x)xn+1 ⊕ h1(x) ⊕ xn+2, ãäå h1, h2 ∈ Fn è x ∈ Zn

2 . Òîãäà ïî ëåììå 1 ôóíê-
öèÿ h ÿâëÿåòñÿ ïðîèçâîäíîé íåêîòîðîé ôóíêöèè ïî íàïðàâëåíèþ (y, 1, yn+2) òîãäà
è òîëüêî òîãäà, êîãäà D(y,1,yn+2)h(x, xn+1, xn+2) = 0. Îòñþäà íåòðóäíî ïîëó÷èòü, ÷òî
h2(x) = Dyh1(x) ⊕ yn+2. Òàêèì îáðàçîì, òåîðåìà 1 ïîçâîëÿåò ïîñòðîèòü âñå ôóíêöèè
îò n ïåðåìåííûõ, ïðîèçâîäíàÿ êîòîðûõ ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìå-
þò õîòÿ áû îäíó ëèíåéíóþ ïåðåìåííóþ.

Ïîëíûì ïåðåáîðîì ïðîâåðåíî, ÷òî äëÿ n = 4 ìíîæåñòâî âñåõ ôóíêöèé, ïðîèçâîä-
íàÿ êîòîðûõ ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ áû îäíó ëèíåéíóþ ïå-
ðåìåííóþ, ñîñòîèò èç 28 896 ôóíêöèé. Ýòî ìíîæåñòâî ñîäåðæèò âñå 896 áåíò-ôóíêöèé
îò ÷åòûð¼õ ïåðåìåííûõ. Êðîìå òîãî, âñå 10 920 óðàâíîâåøåííûõ ôóíêöèé îò ÷åòûð¼õ
ïåðåìåííûõ, êîòîðûå èìåþò íåëèíåéíîñòü 4 (ìàêñèìàëüíî âîçìîæíóþ äëÿ óðàâíîâå-
øåííûõ ôóíêöèé), èìåþò ïðîèçâîäíóþ ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ õîòÿ
áû ñ îäíîé ëèíåéíîé ïåðåìåííîé. Áîëåå òîãî, âñå óðàâíîâåøåííûå ôóíêöèè, ïðîèçâîä-
íàÿ êîòîðûõ ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ áû îäíó ëèíåéíóþ
ïåðåìåííóþ, èìåþò íåëèíåéíîñòü 4.

Áóëåâà ôóíêöèÿ îò øåñòè ïåðåìåííûõ

x3x4x5 ⊕ x2x4x5 ⊕ x3x4x6 ⊕ x3x5x6 ⊕ x4x5x6 ⊕ x2x5x6 ⊕ x1x2 ⊕ x1x3 ⊕ x1x4 ⊕ x3x4

ÿâëÿåòñÿ óðàâíîâåøåííîé è èìååò íåëèíåéíîñòü 24, òîãäà êàê âåðõíÿÿ îöåíêà íåëèíåé-
íîñòè äëÿ óðàâíîâåøåííûõ ôóíêöèé îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ (óòâåðæäåíèå 1)
äà¼ò 26. Å¼ ïðîèçâîäíàÿ ïî íàïðàâëåíèþ (1, 0, . . . , 0) ÿâëÿåòñÿ àôôèííîé. Îòìåòèì, ÷òî
îöåíêà 26 íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíêöèé îò 6 ïåðåìåííûõ äîñòèæèìà [13].

Òàêèì îáðàçîì, äëÿ n = 6 ñóùåñòâóåò óðàâíîâåøåííàÿ ôóíêöèÿ, ïðîèçâîäíàÿ êî-
òîðîé ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ áû îäíó ëèíåéíóþ ïåðåìåí-
íóþ, ñ íåëèíåéíîñòüþ 2n−1 − 2n/2−1 − 4. Áîëåå òîãî, äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü f ∈ Fn+2 � óðàâíîâåøåííàÿ ôóíêöèÿ îò ÷¼òíîãî n ⩾ 6 ÷èñëà
ïåðåìåííûõ, ïðîèçâîäíàÿ êîòîðîé ïî íåêîòîðîìó íåíóëåâîìó íàïðàâëåíèþ èìååò õîòÿ
áû îäíó ëèíåéíóþ ïåðåìåííóþ. Òîãäà Nf ⩽ 2n+1 − 2n/2 − 4.

Äîêàçàòåëüñòâî. Èç òåîðåìû 1 èçâåñòíî, ÷òî f èìååò ôîðìó (1), ïðè ýòîì g2
èç (1) ÿâëÿåòñÿ óðàâíîâåøåííîé ôóíêöèåé îò n ïåðåìåííûõ. Òîãäà èç óòâåðæäåíèÿ 1
âåðíà ñëåäóþùàÿ îöåíêà: Ng2 ⩽ 2n−1 − 2n/2−1 − 2. Òàêèì îáðàçîì, èç ëåììû 4 ñëåäóåò
max
a∈Zn

2

|Wg2| ⩾ 2n/2 + 4. Òîãäà èç òåîðåìû 1 çàêëþ÷àåì, ÷òî Nf = 2n+1 − max
a∈Zn

2 ,g∈M
|Wg(a)|,

ãäå M = {g2, g1 ⊕ g2, g2 ⊕ h1, g1 ⊕ g2 ⊕ h1}, è, ñëåäîâàòåëüíî, Nf ⩽ 2n+1 − 2n/2 − 4.

3. Êðèïòîãðàôè÷åñêèå ñâîéñòâà áóëåâûõ ôóíêöèé, êîòîðûå èìåþò
àôôèííûå ïðîèçâîäíûå

Ðàññìîòðèì ÷àñòíûé ñëó÷àé êîíñòðóêöèè èç òåîðåìû 1� èòåðàòèâíóþ êîíñòðóê-
öèþ ôóíêöèé, êîòîðûå èìåþò àôôèííûå ïðîèçâîäíûå, è ïðèâåä¼ì äîñòàòî÷íûå óñëî-
âèÿ, ïðè êîòîðûõ ôóíêöèè, ïîëó÷åííûå ñ ïîìîùüþ ýòîé êîíñòðóêöèè, îáëàäàþò òà-
êèìè êðèïòîãðàôè÷åñêèìè ñâîéñòâàìè, êàê óðàâíîâåøåííîñòü, îòñóòñòâèå ëèíåéíûõ
ñòðóêòóð è êîððåëÿöèîííàÿ èììóííîñòü.

Óòâåðæäåíèå 2. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, g1, g2 ∈ Fn, (y, 1, yn+2) ∈ Zn+2
2 è

b ∈ Zn
2 òàêèå, ÷òî ⟨b, y⟩ = yn+2, è

h(x, xn+1, xn+2) = ⟨b, x⟩ ⊕ c⊕ xn+2, ãäå c ∈ Z2.
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Òîãäà f ∈ Fn+2 èç (1) ÿâëÿåòñÿ óðàâíîâåøåííîé ôóíêöèåé îò n+ 2 ïåðåìåííûõ, åñëè
è òîëüêî åñëè g2 � óðàâíîâåøåííàÿ ôóíêöèÿ îò n ïåðåìåííûõ. Ïðè ýòîì

Nf = 2n+1 − max
a∈Zn

2 ,g∈{g2,g1⊕g2}
|Wg(a)|.

Äîêàçàòåëüñòâî. Ïóñòü ℓ1(x) = ⟨b, x⟩ ⊕ c, ãäå x ∈ Zn
2 . Ìîæíî óáåäèòüñÿ, ÷òî

Dyℓ1(x) = yn+2 äëÿ ëþáîãî x ∈ Zn
2 è

h(x, xn+1, xn+2) = (Dyℓ1(x)⊕ yn+2)xn+1 ⊕ ℓ1(x)⊕ xn+2.

Èç òåîðåìû 1 è ëåììû 3 äëÿ f ∈ Fn+2 èç (1) ñëåäóåò, ÷òî

|Wf (a, an+1, an+2)| =


2 |Wg2(a)|, åñëè ⟨a, y⟩ = an+1 è an+2 = 0,

2 |Wg2(a⊕ b)|, åñëè ⟨a, y⟩ = an+1 ⊕ yn+2 è an+2 = 1,

2 |Wg1⊕g2(a)|, åñëè ⟨a, y⟩ = an+1 ⊕ 1 è an+2 = 0,

2 |Wg1⊕g2(a⊕ b)|, åñëè ⟨a, y⟩ = an+1 ⊕ yn+2 ⊕ 1 è an+2 = 1.

Òîãäà Wf (0) = Wg2(0) è ïåðâîå óòâåðæäåíèå ñëåäóåò èç ëåììû 2. Âòîðîå óòâåðæäåíèå
ñëåäóåò èç ëåììû 4.

3.1. Ô ó í ê ö è è á å ç ë è í å é í û õ ñ ò ð ó ê ò ó ð

Ïðèâåä¼ì äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî ôóíêöèè èç óòâåðæäåíèÿ 2 íå èìåþò
ëèíåéíûõ ñòðóêòóð.

Òåîðåìà 3. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, g1, g2 � áóëåâû ôóíêöèè îò n ïåðåìåí-
íûõ, (y, 1, yn+2) ∈ Zn+2

2 è ℓ1 ∈ An òàêèå, ÷òî Dyℓ1(x) = yn+2 è h(x) = ℓ1(x)⊕xn+2. Òîãäà
åñëè g2 è g1 ⊕ g2 ÿâëÿþòñÿ óðàâíîâåøåííîé ôóíêöèåé è áåíò-ôóíêöèåé îò n ïåðåìåí-
íûõ ñîîòâåòñòâåííî, òî áóëåâà ôóíêöèÿ f ∈ Fn+2 èç (1) ÿâëÿåòñÿ óðàâíîâåøåííîé è
íå èìååò ëèíåéíûõ ñòðóêòóð.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîäíóþ ôóíêöèè f èç (1) ïî íàïðàâëåíèþ
(z, zn+1, zn+2), ãäå z ∈ Zn

2 è zn+1, zn+2 ∈ Z2:

D(z,zn+1,zn+2)f(x, xn+1, xn+2) =
(
(Dyg1(x)⊕ 1)(ℓ1(x)⊕ xn+2)⊕Dyg2(x)

)
xn+1⊕

⊕g1(x)(ℓ1(x)⊕ xn+2)⊕ g2(x)⊕
⊕
(
(Dyg1(x⊕ z)⊕ 1)(ℓ1(x⊕ z)⊕ xn+2 ⊕ zn+2)⊕Dyg2(x⊕ z)

)
xn+1⊕

⊕
(
(Dyg1(x⊕ z)⊕ 1)(ℓ1(x⊕ z)⊕ xn+2 ⊕ zn+2)⊕Dyg2(x⊕ z)

)
zn+1⊕

⊕g1(x⊕ z)(ℓ1(x⊕ z)⊕ xn+2 ⊕ zn+2)⊕ g2(x⊕ z).

Ïóñòü ℓ1(x⊕ z) = ℓ1(x)⊕ d, ãäå d ∈ Z2. Çàìåòèì, ÷òî åñëè z = 0, òî d = 0. Òîãäà

D(z,zn+1,zn+2)f(x, xn+1, xn+2) = xn+1xn+2

(
DzDyg1(x)

)
⊕

⊕xn+1

(
ℓ1(x)DzDyg1(x)⊕ (zn+2 ⊕ d)Dyg1(x⊕ z)⊕DzDyg2(x)⊕ zn+2 ⊕ d

)
⊕

⊕xn+2

(
Dzg1(x)⊕ zn+1(Dyg1(x⊕ z)⊕ 1)

)
⊕ ℓ1(x)Dzg1(x)⊕

⊕zn+1(Dyg1(x⊕ z)⊕ 1)ℓ1(x)⊕ zn+1d(Dyg1(x⊕ z)⊕ 1)⊕
⊕zn+1Dyg2(x⊕ z)⊕ zn+1zn+2(Dyg1(x⊕ z)⊕ 1)⊕ (zn+2 ⊕ d)g1(x⊕ z)⊕Dzg2(x).

Äîêàæåì, ÷òî äëÿ ëþáîãî íåíóëåâîãî íàïðàâëåíèÿ (z, zn+1, zn+2)ôóíêöèÿD(z,zn+1,zn+2)f
íå ÿâëÿåòñÿ êîíñòàíòîé. Ïðåäïîëîæèì îáðàòíîå. Ïóñòü D(z,zn+1,zn+2)f ≡ const äëÿ
(z, zn+1, zn+2) ̸= (0, . . . , 0).
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Ïóñòü zn+1 = 0. Òîãäà Dzg1(x) = 0. Åñëè zn+2 = d, òî z ̸= 0 è D(z,0,d)f èìååò ñëà-
ãàåìîå Dzg2(x) = Dz

(
g1(x)⊕g2(x)

)
, êîòîðîå íå ÿâëÿåòñÿ êîíñòàíòîé, ñîãëàñíî ëåììå 9.

Åñëè zn+2 = d ⊕ 1, òî D(z,0,d⊕1)f èìååò ñëàãàåìîå g1(x ⊕ z) ⊕ g2(x ⊕ z) ⊕ g2(x),
êîòîðîå äëÿ ëþáîãî z íå ÿâëÿåòñÿ êîíñòàíòîé, ïîñêîëüêó g2(x) óðàâíîâåøåííàÿ, à
g1(x⊕ z)⊕ g2(x⊕ z) ÿâëÿåòñÿ áåíò-ôóíêöèåé, ñîãëàñíî ëåììå 8.

Ïóñòü zn+1 = 1. Òîãäà
Dzg1(x) = Dyg1(x⊕ z)⊕ 1.

Çàìåòèì, ÷òî åñëè y = z, òî ðàâåíñòâî íå âûïîëíÿåòñÿ.
Åñëè zn+2 = d, òî D(z,1,d)f èìååò ñëàãàåìîå

Dyg2(x⊕ z)⊕Dzg2(x) = Dy

(
g1(x⊕ z)⊕ g2(x⊕ z)

)
⊕Dz

(
g1(x)⊕ g2(x)

)
⊕ 1 =

= Dy⊕z

(
g1(x)⊕ g2(x)

)
⊕ 1,

êîòîðîå äëÿ y ̸= z íå ÿâëÿåòñÿ êîíñòàíòîé, ñîãëàñíî ëåììå 9.
Åñëè zn+2 = d⊕ 1, òî D(z,1,d⊕1)f èìååò ñëàãàåìîå

g1(x⊕ y ⊕ z)⊕Dyg2(x⊕ z)⊕Dzg2(x)⊕ 1 = g1(x⊕ y ⊕ z)⊕ g2(x⊕ y ⊕ z)⊕ g2(x)⊕ 1,

êîòîðîå äëÿ ëþáîãî z íå ÿâëÿåòñÿ êîíñòàíòîé, ïîñêîëüêó g2(x) è g2(x) ⊕ 1 ÿâëÿþòñÿ
óðàâíîâåøåííûìè, à g1(x ⊕ y ⊕ z) ⊕ g2(x ⊕ y ⊕ z)� áåíò-ôóíêöèÿ, ñîãëàñíî ëåììå 8.
Òàêèì îáðàçîì, D(z,zn+1,zn+2)f ̸≡ const äëÿ ëþáîãî (z, zn+1, zn+2) ̸= (0, . . . , 0).

Ïóñòü ℓ1(x) = ⟨b, x⟩⊕c, ãäå b ∈ Zn
2 è c ∈ Z2. Òàê êàê Dyℓ1(x) = yn+2, òî ⟨b, y⟩ = yn+2.

Èç óòâåðæäåíèÿ 2 ñëåäóåò, ÷òî f óðàâíîâåøåííàÿ.

3.2. Ê î ð ð å ë ÿ ö è î í í î - è ì ì ó í í û å ô ó í ê ö è è

Ïðèâåä¼ì äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî ôóíêöèè èç óòâåðæäåíèÿ 2 ÿâëÿþòñÿ
êîððåëÿöèîííî-èììóííûìè.

Óòâåðæäåíèå 3. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, g1, g2 ∈ Fn, (y, 1, yn+2) ∈ Zn+2
2 è

b ∈ Zn
2 òàêèå, ÷òî ⟨b, y⟩ = yn+2 è h(x, xn+1, xn+2) = ⟨b, x⟩ ⊕ c ⊕ xn+2 äëÿ c ∈ Z2. Òîãäà

åñëè ôóíêöèè g2 è g1⊕g2 ÿâëÿþòñÿ êîððåëÿöèîííî-èììóííûìè ïîðÿäêà r, òî ôóíêöèÿ
f ∈ Fn+2 èç (1) êîððåëÿöèîííî-èììóííà ïîðÿäêà r. Åñëè ïðè ýòîì g2 óðàâíîâåøåííàÿ,
òî f òàêæå óðàâíîâåøåííàÿ.

Äîêàçàòåëüñòâî. Ïóñòü ℓ1(x) = ⟨b, x⟩ ⊕ c, ãäå x ∈ Zn
2 . Ìîæíî óáåäèòüñÿ, ÷òî

Dyℓ1(x) = yn+2 äëÿ ëþáîãî x ∈ Zn
2 è

h(x, xn+1, xn+2) = (Dyℓ1(x)⊕ yn+2)xn+1 ⊕ ℓ1(x)⊕ xn+2.

Èç òåîðåìû 1 è ëåììû 3 äëÿ f ∈ Fn+2 èç (1) ñëåäóåò, ÷òî

|Wf (a, an+1, an+2)| =


2 |Wg2(a)|, åñëè ⟨a, y⟩ = an+1 è an+2 = 0,

2 |Wg2(a⊕ b)|, åñëè ⟨a, y⟩ = an+1 ⊕ yn+2 è an+2 = 1,

2 |Wg1⊕g2(a)|, åñëè ⟨a, y⟩ = an+1 ⊕ 1 è an+2 = 0,

2 |Wg1⊕g2(a⊕ b)|, åñëè ⟨a, y⟩ = an+1 ⊕ yn+2 ⊕ 1 è an+2 = 1.

Òîãäà ïåðâîå óòâåðæäåíèå ñëåäóåò èç ëåììû 12, à âòîðîå � èç óòâåðæäåíèÿ 2.
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4. Ïîñòðîåíèå óðàâíîâåøåííûõ ôóíêöèé ñ âûñîêîé íåëèíåéíîñòüþ
Èñïîëüçóåì èòåðàòèâíóþ êîíñòðóêöèþ èç òåîðåìû 3 è óðàâíîâåøåííóþ ôóíêöèþ

îò 16 ïåðåìåííûõ ñ âûñîêîé íåëèíåéíîñòüþ, ïðåäñòàâëåííóþ â [18], äëÿ ïîñòðîåíèÿ
óðàâíîâåøåííûõ ôóíêöèé îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ n ⩾ 18 áåç ëèíåéíûõ ñòðóêòóð
ñ íåëèíåéíîñòüþ

2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7).

Ñðàâíèì ïîëó÷åííûå çíà÷åíèÿ íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíêöèé ñ âåðõíåé
îöåíêîé íåëèíåéíîñòè èç óòâåðæäåíèÿ 1, à òàêæå ñî çíà÷åíèÿìè íåëèíåéíîñòè óðàâ-
íîâåøåííûõ ôóíêöèé, ïîëó÷åííûõ â äðóãèõ ðàáîòàõ.

Â [18] ïîêàçàíî, êàê ïîñòðîèòü óðàâíîâåøåííóþ ôóíêöèþ îò 16 ïåðåìåííûõ ñ íåëè-
íåéíîñòüþ 32 598. Ìû èñïîëüçîâàëè å¼ â êà÷åñòâå óðàâíîâåøåííîé ôóíêöèè g2 èç òåî-
ðåìû 3, ÷òîáû ïîëó÷èòü óðàâíîâåøåííóþ áóëåâó ôóíêöèþ îò 18 ïåðåìåííûõ ñ âûñîêîé
íåëèíåéíîñòüþ.

Ïóñòü σ2,16 � áóëåâà ôóíêöèÿ îò 16 ïåðåìåííûõ, êîòîðàÿ ñîäåðæèò âñå êâàäðàòè÷-

íûå ñëàãàåìûå è òîëüêî èõ, è f16 = σ2,16 ⊕
n/2⊕
i=1

xi. Òîãäà g2 ìîæíî çàäàòü ñ ïîìîùüþ å¼

íîñèòåëÿ: supp(g2) = supp(f16) ∪ S, ãäå

S = {8256, 2080, 4112, 2049, 36912, 5264, 34840, 10264, 49169, 38400, 1632, 3075, 2570, 16800,
16908, 1569, 24612, 12417, 29504, 17825, 37413, 18965, 41410, 16613, 5028, 35122, 21656,

61968, 42122, 8000, 24873, 9546, 21541, 10763, 35881, 57372, 45256, 42033, 37524, 19529, 7237,

16446, 17888, 20881, 26817, 49539, 14964, 54452, 51612, 22981, 20723, 989, 46868, 50830, 11884,

1518, 5363, 36553, 43729, 39321, 50459, 55401, 37771, 52359, 5965, 8511, 18551, 58538, 14987,

53799, 44090, 10156, 29283, 27057, 58443, 61497, 35782, 44047, 22940, 7540, 19865, 43961,

15221, 62179, 43927, 57240, 59741, 61867, 14190, 62511, 44665, 3067, 8107, 61937, 51161, 42937,

31835, 44725, 30435, 14324, 30381, 31964, 56506, 54652, 59951, 61206, 43993, 14310, 58959,

32494, 24443, 32381, 62451, 60915, 60381, 44990, 62845, 36351, 32508, 61147, 56309, 32351,

48503, 57215, 32751, 63483, 64510, 65535}

è êàæäîìó ÷èñëó èç S ñòàâèòñÿ â ñîîòâåòñòâèå âåêòîð åãî äâîè÷íîãî ïðåäñòàâëåíèÿ
äëèíû 16.

Â êà÷åñòâå g1 ⊕ g2 ìû âçÿëè áåíò-ôóíêöèþ
8⊕

i=1

xixi+8 ⊕
8∏

i=1

xi, êîòîðàÿ, ñîãëàñíî

ëåììå 10, ïðèíàäëåæèò êëàññó Ìýéîðàíà �ÌàêÔàðëàíäà. Ïóñòü ℓ(x) =
18⊕
i=2

xi è y =

= (1, 0, 0, . . . , 0).
Èòîãîâàÿ óðàâíîâåøåííàÿ áóëåâà ôóíêöèÿ f îò 18 ïåðåìåííûõ, êîòîðàÿ ïîëó÷àåò-

ñÿ ñ ïîìîùüþ êîíñòðóêöèè èç òåîðåìû 3, èìååò ñòåïåíü 16, íåëèíåéíîñòü Nf = 130 732
è íå èìååò ëèíåéíûõ ñòðóêòóð. Ñòîèò îòìåòèòü, ÷òî êîíñòðóêöèÿ èç òåîðåìû 3 ïîçâî-
ëÿåò ïîëó÷èòü áîëüøå îäíîé ôóíêöèè îò 18 ïåðåìåííûõ ñ óêàçàííîé íåëèíåéíîñòüþ.
Äîñòàòî÷íî ðàññìîòðåòü äðóãèå íàïðàâëåíèÿ y, ÷èñëî êîòîðûõ ðàâíî 217 − 1 [19]. Ýòè
íàïðàâëåíèÿ� íåíóëåâûå âåêòîðû y, òàêèå, ÷òî ⟨(0, 1, . . . , 1), y⟩ = 0. Â êà÷åñòâå ôóíê-
öèè g1 ⊕ g2 ìîæíî âçÿòü áåíò-ôóíêöèþ, ïîëó÷åííóþ ñ ïîìîùüþ äðóãèõ èçâåñòíûõ
êîíñòðóêöèé áåíò-ôóíêöèé.

Â ñâîþ î÷åðåäü, ïîëó÷åííóþ ôóíêöèþ f îò 18 ïåðåìåííûõ ìîæíî èñïîëüçî-
âàòü, ÷òîáû ïîñòðîèòü óðàâíîâåøåííóþ ôóíêöèþ îò 20 ïåðåìåííûõ ñ íåëèíåéíîñòüþ
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523 608, òàê êàê èç ëåììû 4 ñëåäóåò, ÷òî max
a∈Z18

2

Wf (a) = 680 = 218/2 + 218/2−2 + 218/2−4 +

+ 218/2−6. Êðîìå òîãî, åñëè â êà÷åñòâå g1 ⊕ g2 ñíîâà âçÿòü áåíò-ôóíêöèþ, íàïðèìåð,
èç êëàññà Ìýéîðàíà �ÌàêÔàðëàíäà, òî ïî òåîðåìå 3 ïîëó÷åííàÿ ôóíêöèÿ íå áóäåò
èìåòü ëèíåéíûõ ñòðóêòóð.

Òàêèì îáðàçîì, èòåðàòèâíàÿ êîíñòðóêöèÿ èç òåîðåìû 3 ïîçâîëÿåò ñòðîèòü óðàâ-
íîâåøåííûå ôóíêöèè f îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ n ⩾ 18 áåç ëèíåéíûõ ñòðóêòóð
ñ íåëèíåéíîñòüþ

Nf = 2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7), (7)

ïîñêîëüêó max
a∈Zn−2

2

Wg2(a) = 2(n−2)/2 + 2(n−2)/2−2 + 2(n−2)/2−4 + 2(n−2)/2−6.

Â òàáë. 1 ïðèâåäåíû çíà÷åíèÿ íåëèíåéíîñòè ôóíêöèé, êîòîðûå ìîæíî ïîëó÷èòü ñ
ïîìîùüþ òåîðåìû 3, è çíà÷åíèÿ íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíêöèé, ïîëó÷åííûõ
â ðàáîòàõ Ê. Õó è äð. [16] è Ê. Êàðëå è äð. [17]. Îòìåòèì, ÷òî â [16] ðàññìàòðèâàþòñÿ
çíà÷åíèÿ n ⩽ 28, à íåëèíåéíîñòü (7) èìåþò óðàâíîâåøåííûå ôóíêöèè îò ÷¼òíîãî ÷èñëà
n ⩾ 18 ïåðåìåííûõ.

Òà á ë è ö à 1

n 2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7) Nf [16] Nf [17]
18 130 732 130 504 130 688
20 523 608 523 154 Íå ïðèâîäèòñÿ
22 2 095 792 2 094 980 Íå ïðèâîäèòñÿ
24 8 385 888 8 384 490 Íå ïðèâîäèòñÿ
26 33 548 992 33 545 992 Íå ïðèâîäèòñÿ
28 134 206 848 134 201 460 Íå ïðèâîäèòñÿ

Èç òàáë. 1 âèäíî, ÷òî çíà÷åíèÿ íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíêöèé, êîòîðûå
ìîãóò áûòü ïîëó÷åíû ñ ïîìîùüþ òåîðåìû 3, ïðåâîñõîäÿò çíà÷åíèÿ èç ðàáîò [16, 17].

Â òàáë. 2 ïðèâîäÿòñÿ çíà÷åíèÿ íåëèíåéíîñòè ôóíêöèé, êîòîðûå ìîæíî ïîëó÷èòü
ñ ïîìîùüþ òåîðåìû 3, è âåðõíèå îöåíêè íåëèíåéíîñòè óðàâíîâåøåííûõ ôóíêöèé èç
óòâåðæäåíèÿ 1 äëÿ 18 ⩽ n ⩽ 28.

Òà á ë è ö à 2

n 2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7) 2n−1 − 2n/2−1 − 2
18 130 732 130 814
20 523 608 523 774
22 2 095 792 2 096 126
24 8 385 888 8 386 558
26 33 548 992 33 550 334
28 134 206 848 134 209 534

5. Ïðîáëåìà ðàçëîæåíèÿ áóëåâûõ ôóíêöèé â ñóììó äâóõ áåíò-ôóíêöèé
Äîêàæåì âåðõíþþ îöåíêó ñòåïåíè ôóíêöèè (f1 ⊕ f2)h, ãäå h� áóëåâà ôóíêöèÿ

îò n ïåðåìåííûõ, f1 è f2 � áåíò-ôóíêöèè îò n ïåðåìåííûõ, ïðè÷¼ì h ⊕ f1 è h ⊕ f2
òàêæå ÿâëÿþòñÿ áåíò-ôóíêöèÿìè.

Âîïðîñ î ðàçëîæåíèè áóëåâûõ ôóíêöèé â ñóììó äâóõ áåíò-ôóíêöèé ïîñòàâëåí
Í.Í. Òîêàðåâîé â ðàáîòå [20].
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Ãèïîòåçà 1 (Í.Í. Òîêàðåâà [20]). Ïóñòü n�÷¼òíîå ÷èñëî. Òîãäà ëþáàÿ áóëåâà
ôóíêöèÿ îò n ïåðåìåííûõ ñòåïåíè íå áîëüøå n/2 ìîæåò áûòü ðàçëîæåíà â ñóììó
äâóõ áåíò-ôóíêöèé îò n ïåðåìåííûõ.

Â [20] ãèïîòåçà 1 ïðîâåðåíà ñ ïîìîùüþ ïîëíîãî ïåðåáîðà äëÿ n ⩽ 6. Ñîãëàñíî [20],
åñëè ãèïîòåçà 1 âåðíà, òî ñïðàâåäëèâà ñëåäóþùàÿ íèæíÿÿ îöåíêà äëÿ ÷èñëà áåíò-
ôóíêöèé îò n ïåðåìåííûõ:

|Bn| ⩾ 22
n−2+( n

n/2)/4.

Â [19] ïîêàçàíà ñâÿçü ýòîé ãèïîòåçû ñî ñëåäóþùåé ïðîáëåìîé î ïðîèçâîäíûõ áåíò-
ôóíêöèé: ëþáàÿ ñáàëàíñèðîâàííàÿ ôóíêöèÿ f îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ n ñòåïåíè
íå áîëüøå n/2− 1, òàêàÿ, ÷òî f(x) = f(x⊕ y) äëÿ ëþáîãî x ∈ Zn

2 è íåêîòîðîãî íåíóëå-
âîãî y ∈ Zn

2 , ÿâëÿåòñÿ ïðîèçâîäíîé áåíò-ôóíêöèè îò n ïåðåìåííûõ. Ýòà ñâÿçü òàêæå
ñëåäóåò èç òåîðåìû 1.

Óòâåðæäåíèå 4. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, g1, g2, h1 ∈ Fn, âåêòîð (y, 1, yn+2) ∈
∈ Zn+2

2 òàêîé, ÷òî

h(x, xn+1, xn+2) = (Dyh1(x)⊕ y2)xn+1 ⊕ h1(x)⊕ xn+2.

Òîãäà f ∈ Fn+2 èç (1) èìååò ôóíêöèþ h ñâîåé ïðîèçâîäíîé ïî íàïðàâëåíèþ (y, 1, yn+2)
è ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n+2 ïåðåìåííûõ òîãäà è òîëüêî òîãäà, êîãäà g2, g1⊕ g2,
g2 ⊕ h1, g1 ⊕ g2 ⊕ h1 ÿâëÿþòñÿ áåíò-ôóíêöèÿìè îò n ïåðåìåííûõ.

Äîêàçàòåëüñòâî. Èç ëåììû 4 è òåîðåìû 1 ñëåäóåò, ÷òî

Nf = 2n+1 − 1

2
max

a∈Zn+2
2

|Wf (a)| = 2n+1 − 2n/2

òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî b ∈ Zn
2 ñïðàâåäëèâî

|Wg1⊕g2(b)| = |Wg2(b)| = |Wg1⊕g2⊕h1(b)| = |Wg2⊕h1(b)| = 2n/2.

Èç ëåììû 7 ñëåäóåò, ÷òî g2, g1 ⊕ g2, g2 ⊕ h1, g1 ⊕ g2 ⊕ h1 ÿâëÿþòñÿ áåíò-ôóíêöèÿìè
îò n ïåðåìåííûõ.

Ïðèâåä¼ì äâà âñïîìîãàòåëüíûõ óòâåðæäåíèÿ.

Óòâåðæäåíèå 5 (Í.Í. Òîêàðåâà [20]). Ïóñòü f1, f2, f3 � áåíò-ôóíêöèè îò n ïåðå-
ìåííûõ. Òîãäà ôóíêöèÿ f , îïðåäåë¼ííàÿ ñëåäóþùèì îáðàçîì:

f(0, 0, x) = f1(x), f(0, 1, x) = f2(x),

f(1, 0, x) = f3(x), f(1, 1, x) = f4(x),

ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n + 2 ïåðåìåííûõ òîãäà è òîëüêî òîãäà, êîãäà f4 � áåíò-
ôóíêöèÿ îò n ïåðåìåííûõ è f̃1 ⊕ f̃2 ⊕ f̃3 ⊕ f̃4 = 1.

Óòâåðæäåíèå 5 ÿâëÿåòñÿ óïðîù¼ííîé âåðñèåé ðåçóëüòàòà èç ðàáîòû À. Êàíòî è
Ï. Øàðïèí 2003 ã. [21]. Â [21] äîêàçàíî òàêæå

Óòâåðæäåíèå 6 (À. Êàíòî è Ï. Øàðïèí [21]). Ïóñòü f1, f2, f3, f4 ∈ Fn è ôóíê-
öèÿ f , îïðåäåë¼ííàÿ ñëåäóþùèì îáðàçîì:

f(0, 0, x) = f1(x), f(0, 1, x) = f2(x),

f(1, 0, x) = f3(x), f(1, 1, x) = f4(x),

ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n+2 ïåðåìåííûõ. Òîãäà f1 � áåíò-ôóíêöèÿ, åñëè è òîëüêî
åñëè f2, f3, f4 � áåíò-ôóíêöèè îò n ïåðåìåííûõ.
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Òåîðåìà 4. Ïóñòü n ⩾ 2�÷¼òíîå ÷èñëî, h ∈ Fn è f1, f2, h⊕f1, h⊕f2 ∈ Bn. Òîãäà:
1) deg((f1 ⊕ f2)h) ⩽ (n+ 2)/2;
2) ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

à) φ1(x) =
(
f1(x)⊕ f2(x)

)
h(x)⊕ f1(x) ∈ Bn;

á) φ2(x) =
(
f1(x)⊕ f2(x)

)
h(x)⊕ f2(x) ∈ Bn;

â) φ3(x) =
(
f1(x⊕ y)⊕ f2(x⊕ y)

)
h(x⊕ y)⊕ f2(x⊕ y)⊕ h(x⊕ y) ∈ Bn,

ãäå y ∈ Zn
2 ;

ã) φ4(x) =
(
f1(x⊕ y)⊕ f2(x⊕ y)

)
h(x⊕ y)⊕ f1(x⊕ y)⊕ h(x⊕ y) ∈ Bn,

ãäå y ∈ Zn
2 ;

ä) φ̃1 ⊕ φ̃2 ⊕ φ̃3 ⊕ φ̃4 ≡ 0.
Äîêàçàòåëüñòâî. Ïóñòü y ∈ Zn

2 . Òîãäà g ∈ Fn+2, òàêàÿ, ÷òî

g(x, xn+1, xn+2) =
(
h(x)⊕ h(x⊕ y)

)
xn+1 ⊕ h(x)⊕ xn+2,

óäîâëåòâîðÿåò óñëîâèþ óòâåðæäåíèÿ 4 äëÿ íàïðàâëåíèÿ (y, 1, 0). Ñëåäîâàòåëüíî, áó-
ëåâà ôóíêöèÿ îò n+ 2 ïåðåìåííûõ

f(x, xn+1, xn+2) =
(
(Dyg1(x)⊕ 1)g(x, xn+1, xn+2)⊕Dyg2(x)

)
xn+1⊕

⊕g1(x)g(x, xn+1, xn+2)⊕ g2(x),

ãäå g1 = f1 ⊕ f2 è g2 = f2, ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n + 2 ïåðåìåííûõ. Èç ëåììû 5
ñëåäóåò, ÷òî deg(f) ⩽ (n+ 2)/2 è deg(g1h) = deg((f1 ⊕ f2)h) ⩽ (n+ 2)/2.

Ëåãêî óáåäèòüñÿ â òîì, ÷òî

f(x, 0, 0) = g1(x)h(x)⊕ g2(x) = φ2(x),

f(x, 0, 1) = g1(x)h(x)⊕ g1(x)⊕ g2(x) = φ1(x),

f(x, 1, 0) = g1(x⊕ y)h(x⊕ y)⊕ g2(x⊕ y)⊕ h(x⊕ y) = φ3(x),

f(x, 1, 1) = g1(x⊕ y)h(x⊕ y)⊕ g1(x⊕ y)⊕ g2(x⊕ y)⊕ h(x⊕ y)⊕ 1 = φ4(x)⊕ 1.

Òîãäà èç óòâåðæäåíèé 5 è 6 ñëåäóåò âòîðîå óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 1. Ïóñòü h, g ∈ Fn è deg(hg) > (n + 2)/2. Òîãäà åñëè f1, f2 ∈ Bn è
h ≡ f1 ⊕ f2, òî õîòÿ áû îäíà èç ôóíêöèé g⊕ f1 èëè g⊕ f2 íå ÿâëÿåòñÿ áåíò-ôóíêöèåé.

Ñëåäñòâèå 2. Ïóñòü h ∈ Fn è f1, f2, h⊕ f1, h⊕ f2 ∈ Bn. Òîãäà åñëè (f1 ⊕ f2)h ≡ 0
èëè (f1 ⊕ f2)h ≡ h, ïðè ýòîì f3(x) = h(x⊕ y)⊕ f1(x⊕ y) è f4(x) = h(x⊕ y)⊕ f2(x⊕ y),
ãäå y ∈ Zn

2 , òî ñïðàâåäëèâî, ÷òî f̃1 ⊕ f̃2 ≡ f̃3 ⊕ f̃4.
Â îáîçíà÷åíèÿõ òåîðåìû 4 ïðèâåä¼ì ïðèìåð òîãî, êàê âåðõíÿÿ îöåíêà ñòåïåíè

ôóíêöèè (f1 ⊕ f2)h ìîæåò áûòü èñïîëüçîâàíà äëÿ îïèñàíèÿ áåíò-ôóíêöèé f1 è f2.
Ïóñòü h(x) = x1x2 � áóëåâà ôóíêöèÿ îò ÷åòûð¼õ ïåðåìåííûõ, x ∈ Z4

2, è f1, f2 ∈ B4
òàêèå, ÷òî h⊕ f1 è h⊕ f2 ÿâëÿþòñÿ áåíò-ôóíêöèÿìè. Ïîëîæèì, ÷òî ÀÍÔ ôóíêöèè f1
ñîäåðæèò ìîíîì x3x4, à ÀÍÔ ôóíêöèè f2 åãî íå ñîäåðæèò. Òîãäà deg((f1 ⊕ f2)h) =
= 4 > 3 = (n + 2)/2. Òàêèì îáðàçîì, ëèáî êàæäàÿ áåíò-ôóíêöèÿ èç ðàçëîæåíèÿ
ôóíêöèè h(x) â ñóììó äâóõ áåíò-ôóíêöèé èìååò ìîíîì x3x4 â ñâîåé ÀÍÔ, ëèáî êàæäàÿ
èç íèõ åãî íå èìååò. Ïðèìåð äîñòèæåíèÿ îöåíêè ìîæíî ïîëó÷èòü äëÿ ñëåäóþùèõ
ôóíêöèé îò ÷åòûð¼õ ïåðåìåííûõ: h(x) = x3, f1(x) = x1x2⊕ x3x4 è f2(x) = x1x3⊕ x2x4.

Çàêëþ÷åíèå
Ðàáîòà ïîñâÿùåíà âîïðîñó ïîñòðîåíèÿ óðàâíîâåøåííûõ áóëåâûõ ôóíêöèé ñ âû-

ñîêèìè çíà÷åíèÿìè íåëèíåéíîñòè. Ïðèâåäåíà èòåðàòèâíàÿ êîíñòðóêöèÿ óðàâíîâåøåí-
íûõ ôóíêöèé îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ, ñ ïîìîùüþ êîòîðîé ïîëó÷åíà áóëåâà ôóíê-
öèÿ îò 18 ïåðåìåííûõ ñî çíà÷åíèåì íåëèíåéíîñòè 130 732. Ýòà ôóíêöèÿ ìîæåò áûòü
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èñïîëüçîâàíà äëÿ èòåðàòèâíîãî ïîñòðîåíèÿ óðàâíîâåøåííûõ ôóíêöèé îò ÷¼òíîãî ÷èñ-
ëà n ⩾ 20 ïåðåìåííûõ ñ íåëèíåéíîñòüþ 2n−1 − (2n/2−1 + 2n/2−3 + 2n/2−5 + 2n/2−7).

Ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ òîãî, ÷òî ôóíêöèè, ïîëó÷åííûå ñ ïîìîùüþ êîí-
ñòðóêöèè, îáëàäàþò òàêèìè ñâîéñòâàìè, êàê îòñóòñòâèå ëèíåéíûõ ñòðóêòóð è êîððåëÿ-
öèîííàÿ èììóííîñòü. Èíòåðåñ ïðåäñòàâëÿåò òàêæå èçó÷åíèå äîïîëíèòåëüíûõ óñëîâèé,
ïðè êîòîðûõ ïîëó÷àåìûå ôóíêöèè áóäóò, íàïðèìåð, óäîâëåòâîðÿòü ñòðîãîìó ëàâèí-
íîìó êðèòåðèþ (SAC) èëè êðèòåðèþ ðàñïðîñòðàíåíèÿ PC(k) ïîðÿäêà k.
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